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2 Graphs and additive codes over GF(4)
2.1
GF(4) = {0, 1, ω, ω2} 4 . ω2 = ω + 1.
x ∈ GF(4) , x = x2 . GF(4)
. A = (Aij) m × n . Ωn = {1, . . . , n}
S ⊂ Ωn . γS(A)
(γS(A))ij =
{
Aij j ∈ S,
Aij j /∈ S
.
γS(Span(A)) = Span(γS(A)). (1)
Lemma 1. A m× n , E n . S ⊂ Ωn
γS(AE) = γS(A)γS(E)
.
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Proof. A = (Aij) , E = (Eij) .
(γS(AE))ij =
{
(AE)ij j ∈ S,
(AE)ij j /∈ S
=
{
Aij Ejj j ∈ S,
AijEjj j /∈ S
= γS(A)ijγS(E)jj
= (γS(A)γS(E))ij.
Lemma 2. A m × n (0, 1)- , B n × l . S ⊂ Ωn
γS(AB) = A(γS(B)).
Proof.
(γS(AB))ij =
{
(AB)ij j ∈ S,
(AB)ij j /∈ S
=
{∑n
k=1AikBkj j ∈ S,∑n
k=1AikBkj j /∈ S
=
{∑n
k=1AikBkj j ∈ S,∑n
k=1AikBkj j /∈ S
=
{∑n
k=1AikBkj j ∈ S,∑n
k=1AikBkj j /∈ S
= (AγS(B))ij.
Lemma 3. A,B m× n . S ⊂ Ωn
γS(A+B) = γS(A) + γS(B).
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Proof. A = (Aij), B = (Bij) .
(γS(A+B))ij =
{
Aij +Bij j ∈ S,
Aij +Bij j /∈ S
=
{
Aij +Bij j ∈ S,
Aij +Bij j /∈ S
(GF(4) 2)
= (γS(A))ij + (γS(B))ij.
Lemma 4. A m×n , S, T ⊂ Ωn . U = (S∪T )\ (S∩T )
γU(A) = γS(γT (A)).
Proof. A = (Aij) .
(γS(γT (A)))ij =
{
(γT (A))ij j ∈ S,
(γT (A))ij j /∈ S
=

Aij j ∈ S ∩ T,
Aij j ∈ S \ T,
Aij j ∈ T \ S,
Aij j /∈ S ∪ T
=
{
Aij j ∈ (S \ T ) ∪ (T \ S),
Aij otherwise
=
{
Aij j ∈ (S ∪ T ) \ (S ∩ T ),
Aij otherwise
=
{
Aij j ∈ U,
Aij j /∈ U
= (γU(A))ij.
D : 2Ωn →Mn(GF(2)) D(S) = (Dij) .
3
Dii =
{
1 i ∈ S,
0 i /∈ S.
(2)
S = {i} D(S) D(i) .
Lemma 5. A,B n (0, 1)- , S ⊂ Ωn . , γS(A+
ωB) = A+BD(S) + ωB.
Proof.
(γS(A+ ωB)))ij =
{
(A+ ωB)ij j ∈ S,
(A+ ωB)ij j /∈ S
=
{
(A+ ω2B)ij j ∈ S,
(A+ ωB)ij j /∈ S
=
{
(A+B + ωB)ij j ∈ S,
(A+ ωB)ij j /∈ S
= (A+BD(S) + ωB)ij.
2.2 Graph GF(4) additive code
Definition 6. GF(4)n GF(4) length n additive
code .
Definition 7. C, C ′ length n additive code . E,
X ⊂ Ωn, P γX(CE)P = C ′ 2 additive
code equivalent .
u = (u1, . . . , un), v = (v1, . . . , vn) ∈ GF(4)n
u ∗ v = Tr(u · v)
Hermitian trace inner product .
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a,a′, b, b′ ∈ GF(2)n
(a+ ωb) ∗ (a′ + ωb′)
= Tr((a+ ωb) · (a′ + ωb′))
= (a · a′) Tr(1) + (a · b′) Tr(ω) + (b · a′) Tr(ω) + (b · b′) Tr(1)
= (a · b′) + (b · a′).
Lemma 8. A,B n (0, 1)- . GF(4) additive code
Span(A+ ωB) self-orthogonal
ABT +BAT = 0.
Proof. (ABT+BAT )ij A+ωB i j Hermitian
trace inner product . Span(A+ωB) self-orthogonal
ABT +BAT = 0.
Definition 9. C GF(4) additive code . 0
(0, 1)- Γ Γ + ωI C generator matrix
C graph code . I . Lemma 8 graph
code self-dual additive code.
0 n (0, 1)- Γ Ni(Γ) = {j | Γij =
1} , M i(Γ) = {i} ∪Ni(Γ) . n (0, 1)- Γi
(Γi)kl =
{
Γkl + 1 k, l ∈ Ni k 6= l,
Γkl otherwise
(3)
. (Γi)j Γi,j .
Lemma 10.
Γi = Γ +D(Ni(Γ)) + ΓD(i)Γ.
Proof.
(ΓD(i)Γ)kl = ΓkiΓil
=
{
1 k, l ∈ Ni,
0 otherwise.
(4)
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(Γ +D(Ni(Γ)) + ΓD(i)Γ)kl
= Γkl +
{
1 k = l ∈ Ni,
0 otherwise
+
{
1 k, l ∈ Ni,
0 otherwise
((4) )
=
{
Γkl + 1 k, l ∈ Ni k 6= l,
Γkl otherwise
= (Γi)kl.
n Dk(x) = (dij)
dij =

x i = j = k,
1 i = j 6= k,
0 otherwise
.
Dk(x) = x
2D(k) + I (x = ω, ω2). (5)
Lemma 11. Γ 0 n (0, 1)- .
P = ΓD(i) + I (6)
.
Γi + ωI = PγM i(Γ)((Γ + ωI)Di(ω)).
Span(Γi + ωI) = Span(γM i(Γ)((Γ + ωI)Di(ω))). (7)
Proof. Ni(Γ), M
i(Γ) Ni, M
i .
(ΓD(i))2 = (ΓD(i)Γ)D(i)
= O. ((4) ) (8)
P 2 = (ΓD(i) + I)(ΓD(i) + I)
= (ΓD(i))2 + ΓD(i) + ΓD(i) + I
= I. ((8) )
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P ∈ GL(n, 2) P−1 = P .
PγM i((Γ + ωI)Di(ω))
= γM i(P (Γ + ωI)Di(ω)) (Lemma 2 )
= γM i(P (Γ + ωI)(ω
2D(i) + I)) ((5) )
= γM i(P (ω
2ΓD(i) + Γ +D(i) + ωI))
= γM i(P (ΓD(i) + Γ +D(i)) + ωP (ΓD(i) + I))
= γM i(P (ΓD(i) + Γ +D(i)) + ωI) ((6) )
= P (ΓD(i) + Γ +D(i)) +D(M i) + ωI (Lemma 5 )
= (ΓD(i) + I)(ΓD(i) + Γ +D(i)) +D(M i) + ωI ((6) )
= (ΓD(i))2 + ΓD(i)Γ + ΓD(i)2 + ΓD(i) + Γ +D(i)
+D(M i) + ωI
= (ΓD(i))2 + ΓD(i)Γ + Γ +D(N i) + ωI
= Γ +D(Ni) + ΓD(i)Γ + ωI ((8) )
= Γi + ωI. (Lemma 10 )
P span .
(7) .
Lemma 12. v1, . . . , vl ∈ Ωn Span(Γ+ωI) Span(Γv1,...,vl+ωI)
equivalent.
Proof. l . l = 1 (7) .
Γ′ = Γv1,...,vl−1 Span(Γ+ ωI) Span(Γ′ + ωI) equivalent
(7)
Span((Γ′)vl + ωI) = Span(γM i(Γ′)((Γ
′ + ωI)Di(ω))).
Span(Γ′ + ωI) equivalent Span(Γ + ωI) equivalent
.
Lemma 13. A,B n (0, 1)- . GF(4) self-dual additive
code Span(A+ωB) graph code B
i ∈ Ωn (B−1A)ii = 0 .
Proof. Span(A + ωB) graph code i ∈ Ωn
(XA)ii = 0, XB = I X . X =
7
B−1 . B ,
Span(A+ ωB) = Span(B−1A+ ωI).
Lemma 8 (B−1A)IT + I(B−1A)T = O. (B−1A)T = B−1A
. , i ∈ Ωn (B−1A)ii = 0
Span(A+ ωB) graph code .
2.3 Graph GF(4) additive code
Lemma 14. Γ,Γ′ ∈Mn(GF(2)) . Span(Γ+ωI) = Span(Γ′+
ωI) , Γ = Γ′.
Proof. i ∈ Ωn . , u ∈ GF(2)n
(Γ′ + ωI i ) = u(Γ + ωI) (9)
. j ∈ Ωn ,
j 6= i ⇐⇒ (Γ′ + ωI)ij ∈ GF(2)
⇐⇒ (u(Γ + ωI))j ∈ GF(2) ((9) )
⇐⇒ ωuj ∈ GF(2)
⇐⇒ uj = 0.
u i 1 u(Γ+ωI) Γ+ωI i
. (9) Γ′ + ωI i . i ∈ Ωn ,
Γ′ + ωI = Γ + ωI. Γ′ = Γ.
E = (Eij) , supp(E) = {i | Eii 6= 0} .
E = E0 + ωE1 + ω
2E2 (10)
. E0, E1, E2 (0, 1)-
i, j ∈ {0, 1, 2}, i 6= j
supp(Ei) ∩ supp(Ej) = ∅. (11)
Xj(E) = {i | (Ej)ii 6= 0} , L(E) = X1(E) ∪X2(E) .
0 n (0, 1)- Γ
E(Γ) := {E | E Γ(E1 + E2) + E0 + E1 }.
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SΓ : E(Γ)→ 2Ωn
SΓ(E) = {i | ((Γ(E1+E2)+E0+E1)−1(Γ(E0+E2)+E1+E2))ii = 1} (12)
.
Lemma 15. E ∈ E(Γ), S ⊂ Ωn , C = Span(γS((Γ + ωI)E)) .
, C graph code E ∈ E(Γ)
S = SΓ(E)
.
Proof.
(Γ + ωI)E
= (Γ + ωI)(E0 + ωE1 + ω
2E2)
= Γ(E0 + ωE1 + ω
2E2) + ω(E0 + ωE1 + ω
2E2)
= Γ(E0 + E2) + E1 + E2 + ω(Γ(E1 + E2) + E0 + E1).
A = Γ(E0 + E2) + E1 + E2,
B = Γ(E1 + E2) + E0 + E1
Lemma 5 C = Span(A+ BD(S) + ωB). Lemma 13 C
graph code B i ∈ Ωn
(B−1(A+ BD(S)))ii = 0 . (B−1(A+ BD(S)))ii = 0
(B−1A)ii = 1 (D(S))ii = 1
.
S = {i | (D(S))ii = 1}
= {i | (B−1A)ii = 1}
= SΓ(E).
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Γ , EΓ E , SΓ S .
Ei :=
{
EDi(ω
2) i ∈ S(E),
EDi(ω) i /∈ S(E)
(13)
Lemma 16. E ∈ E ,
Span(γS(E)((Γ + ωI)E)) = Span(Γ
′ + ωI) (14)
. Ei ∈ E
S(Ei) = (M i(Γ′) ∪ S(E)) \ (M i(Γ′) ∩ S(E)). (15)
Span(γS(Ei)((Γ + ωI)E
i)) = Span((Γ′)i + ωI). (16)
Proof. M i(Γ′) M i . X = (M i ∪ S(E)) \ (M i ∩ S(E)) .
i ∈M i
i ∈ S(E) i /∈ X, (17)
i /∈ S(E) i ∈ X. (18)
γX(E
i) =
{
γX(EDi(ω
2)) i ∈ S(E),
γX(EDi(ω)) i /∈ S(E)
((13) )
=
{
γX(E)γX(Di(ω
2)) i ∈ S(E),
γX(E)γX(Di(ω)) i /∈ S(E)
(Lemma 1 )
=
{
γX(E)γX(Di(ω
2)) i /∈ X,
γX(E)γX(Di(ω)) i ∈ X
((17), (18) )
= γX(E)Di(ω
2). (19)
γX((Γ + ωI)E
i) = γX(Γ + ωI)γX(E
i) (Lemma 1 )
= γX((Γ + ωI)E)Di(ω
2). ((19) ) (20)
i ∈M i
γM i(Di(ω)) = Di(ω
2) (21)
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Span(γX((Γ + ωI)E
i))
= Span(γX((Γ + ωI)E)Di(ω
2)) ((20) )
= Span((γM i(γS(E)((Γ + ωI)E)))Di(ω
2)) (Lemma 4 )
= Span(γM i(γS(E)((Γ + ωI)E))γM i(Di(ω))) ((21) )
= Span(γM i(γS(E)(Γ + ωI)E))γM i(Di(ω))
= γM i(Span(γS(E)(Γ + ωI)E))γM i(Di(ω)) ((1) )
= γM i(Span(Γ
′ + ωI))γM i(Di(ω)) ((14) )
= Span(γM i((Γ
′ + ωI)Di(ω))) ((1) )
= Span((Γ′)i + ωI). ((7) )
Span(γX((Γ + ωI)E
i)) graph code . Lemma
15 Ei ∈ E X = S(Ei).
Lemma 17. E ∈ E , (14) . (v1, . . . , vi) Ωn
. Ev1,...,vl ∈ E ,
Span((Γ′)v1,...,vl + ωI) = Span(γS(Ev1,...,vl )((Γ + ωI)Ev1,...,vl)) (22)
Proof. l . l = 1 Lemma 16 (16)
.
Γ′′ = (Γ′)v1,...,vl−1 . M vl(Γ′′) M , Ev1,...,vl−1 E ′′ .
Span(Γ′′ + ωI) = Span(γS(E′′)((Γ + ωI)E ′′)) (23)
. vl ∈M
γM(Dvl(ω)) = Dvl(ω
2). (24)
Lemma 16 (E ′′)vl ∈ E , (15)
S((E ′′)vl) = (M ∪ S(E ′′)) \ (M ∩ S(E ′′)). (25)
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Span((Γ′)v1,...,vl + ωI)
= Span((Γ′′)vl + ωI)
= Span(γM((Γ
′′ + ωI)Dvl(ω))) ((7) )
= Span(γM(Γ
′′ + ωI)γM(Dvl(ω))) (Lemma 1 )
= Span(γM(Γ
′′ + ωI))γM(Dvl(ω))
= γM(Span(Γ
′′ + ωI))γM(Dvl(ω)) ((1) )
= γM(Span(γS(E′′)((Γ + ωI)E
′′)))γM(Dvl(ω)) ((23) )
= Span(γM(γS(E′′)((Γ + ωI)E
′′))γM(Dvl(ω))) ((1) )
= Span(γM(γS(E′′)((Γ + ωI)E
′′))Dvl(ω
2)) ((24) )
= Span(γ(M∪S(E′′))\(M∩S(E′′))((Γ + ωI)E ′′)Dvl(ω
2)) (Lemma 4 )
= Span(γS((E′′)vl )((Γ + ωI)E
′′)Dvl(ω
2)) ((25) )
= Span(γS((E′′)vl )((Γ + ωI)(E
′′)vl)). ((20) )
Lemma 18. E ∈ E , E 6= I , (14) .
.
(i) X1(E) ∩ S(E) 6= ∅
(ii) X2(E) \ S(E) 6= ∅
(iii) i, j ∈ L(E) Γ′ij = 1
Proof. (i), (ii), (iii) . (i)
x ∈ GF(4)
γS(E)(xE1) = xE1. (26)
(ii) , x ∈ GF(4)
.γS(E)(xE2) = xE2 (27)
E ′ = E0 + ω2(E1 + E2)
EγS(E)(E
′) = EγS(E)(E0 + ω2(E1 + E2))
= E(γS(E)(E0) + γS(E)(ω
2E1) + γS(E)(ω
2E2)) (Lemma 3 )
= E(E0 + ω
2E1 + ωE2) ((26), (27) )
= (E0 + ωE1 + ω
2E2)(E0 + ω
2E1 + ωE2) ((10) )
= I ((11) ) (28)
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Span(γS(E)((Γ
′ + ωI)E ′))
= Span(γS(E)(Γ
′ + ωI)γS(E)(E ′)) (Lemma 1 )
= Span(γS(E)(Γ
′ + ωI))γS(E)(E ′)
= Span((Γ + ωI)E)γS(E)(E
′) ((14) )
= Span((Γ + ωI)EγS(E)(E
′))
= Span(Γ + ωI) ((28) )
Span(γS(E)((Γ
′+ωI)E ′)) graph code .
Lemma 15 E ′ ∈ E(Γ′), Γ′(E1 +E2) +E0
. (iii)
Γ′(E1 + E2) + E0 =
(X0(E) L(E)
O
)(
O O
O I
)
+
(
I O
O O
)
=
(
O O
)
Γ′(E1 + E2) + E0 .
Lemma 19. E ∈ E , (14) . Ωn
(v1, . . . , vl) (Γ
′)v1,...,vl = Γ .
Proof. |L(E)| . |L(E)| = 0 E = I.
E = E0
S(E) = {i | (E−10 ΓE0)ii = 1} ((12) )
= {i | Γii = 1}
= ∅.
Span(Γ′ + ωI) = Span(γS(E)((Γ + ωI)E)) ((14) )
= Span(γ∅((Γ + ωI)I))
= Span(Γ + ωI).
Lemma 14 Γ′ = Γ.
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|L(E)| ≤ k Lemma . |L(E)| = k + 1
E 6= I Lemma 18 (i), (ii), (iii)
.
(i) i ∈ X1(E) ∩ S(E) |L(Ei)| = |L(E)| − 1.
(ii) i ∈ X2(E) \ S(E) |L(Ei)| = |L(E)| − 1.
(iii) ∃i, j ∈ (X1(E) \ S(E)) ∪ (X2(E) ∩ S(E)) s.t. Γ′ij = 1.
(iii) j ∈M i(Γ′) (15)
j ∈ S(E) , j /∈ S(Ei). (29)
j /∈ S(E) , j ∈ S(Ei). (30)
(iii)-(1) i, j ∈ X1(E) \ S(E)
Ei = EDi(ω).
(30) j ∈ S(Ei). (13)
Ei,j = EDi(ω)Dj(ω
2).
|X1(Ei,j)| = |X1(E) \ {i, j}| = |X1(E)| − 2,
|X2(Ei,j)| = |X2(E) ∪ {i}| = |X2(E)|+ 1.
(iii)-(2) i ∈ X1 \ S(E), j ∈ X2 ∩ S(E)
(Ei)j = EDi(ω)Dj(ω).
|X1(Ei,j)| = |X1(E) \ {i}| = |X1(E)| − 1,
|X2(Ei,j)| = |X2(E) ∪ {i} \ {j}| = |X2(E)|.
(iii)-(3) i, j ∈ X2 ∩ S(E)
(Ei)j = EDi(ω
2)Dj(ω).
|X1(Ei,j)| = |X1(E) ∪ {i}| = |X1(E)|+ 1,
|X2(Ei,j)| = |X2(E) \ {i, j}| = |X2(E)| − 2.
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|L(Ei,j)| = |L(E)| − 1.
|L(Ei)| = |L(E)| − 1 i ∈ Ωn ,
, |L(Ei,j)| = |L(E)| − 1 i, j ∈ Ωn .
(22)
Span((Γ′)i + ωI) = Span(γS(Ei)((Γ + ωI)E
i)).
Ωn (v1, . . . , vl)
(Γ′)i,v1...,vl = Γ.
|L(Ei,j)| = |L(E)| − 1 i, j ∈ Ωn .
Theorem 20. C = Span(Γ + ωI), C ′ = Span(Γ′ + ωI) graph code
. C, C ′ equivalent (v1, . . . , vi)
P Γ = (PΓ′P T )v1,...,vi .
Proof.
C C ′ equivalent
⇐⇒∃E : ,∃X ⊂ Ωn,∃P : ,
γX(Span(Γ + ωI)E)P = Span(Γ
′ + ωI)
⇐⇒∃E : ,∃X ⊂ Ωn,∃P : ,
Span(γX((Γ + ωI)E))P = Span(Γ
′ + ωI) ((1) )
⇐⇒∃E : ,∃X ⊂ Ωn,∃P : ,
Span(γX((Γ + ωI)E)) = Span(Γ
′ + ωI)P T
⇐⇒∃E : ,∃X ⊂ Ωn,∃P : ,
Span(γX((Γ + ωI)E)) = Span(PΓ
′P T + ωI)
⇐⇒∃E : ,∃P : ,
Span(γS(E)((Γ + ωI)E)) = Span(PΓ
′P T + ωI) (Lemma 15 )
=⇒∃P : ,∃(v1, . . . , vl), (PΓP T )v1,...,vl = Γ (Lemma 19 )
(v1, . . . , vi) P Γ = (PΓ
′P T )v1,...,vi
.
Lemma 12 Span((PΓ′P T )v1,...,vi + ωI) Span(PΓ′P T + ωI)
equivalent. Span(PΓ′P T + ωI) Span(Γ′ + ωI) equivalent
Span(Γ + ωI) Span(Γ′ + ωI) equivalent .
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3 Kleinian codes and binary codes
3.1 Kleinian code binary code
K = {0, a, b, c} . 0 , a+ b =
c, 2a = 2b = 0 . C ⊂ Kn K length n code . C
Kn linear .
F 2 = {0, 1} 2 . 0 , 1
. D ⊂ F n2 F 2 length n code . , D F n2
linear . F n2 x = (x1, . . . , xn), y =
(y1, . . . , yn) ∈ F n2 x · y =
∑n
i=1 xiyi .
, x = (x1, x2), y = (y1, y2) ∈ F 22 (x, y) = x1y2 + x2y1
(, ) F 22 .
D⊥ = {x ∈ F n2 | y ∈ C x · y = 0}
D dual code . D ⊂ D⊥ D self-orthogonal
. ˆ : K → F 42 0ˆ = (0000), aˆ = (1100), bˆ = (1010), cˆ = (0110)
. ,̂: Kn → F 4n2
x̂ = (xˆ1, . . . , xˆn)
. Dn4 = {(0000), (1111)}n .
Lemma 21. (Dn4 )
⊥ =
⋃
x∈Kn(D
n
4 + x̂).
Proof. Dn4 ⊂ (Dn4 )⊥, K̂n ⊂ (Dn4 )⊥ (Dn4 )⊥ ⊃
⋃
x∈Kn(D
n
4 + x̂).
|(Dn4 )⊥| = 23n =
∣∣∣∣∣ ⋃
x∈Kn
(Dn4 + x̂)
∣∣∣∣∣ .
Lemma 22. D self-orthogonal binary code , Dn4 ⊂ D . C =
{x ∈ Kn | (Dn4 + x̂) ∩ D 6= ∅} D = Dn4 + Ĉ.
Proof. Dn4 ⊂ D x ∈ Kn
(Dn4 + x̂) ∩ D 6= ∅ ⇐⇒ Dn4 + x̂ ⊂ D. (31)
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D = D ∩ (Dn4 )⊥
= D ∩
( ⋃
x∈Kn
(Dn4 + x̂)
)
(Lemma 21 )
=
⋃
x∈Kn
((Dn4 + x̂) ∩ D)
=
⋃
x∈C
((Dn4 + x̂) ∩ D)
=
⋃
x∈C
(Dn4 + x̂) ((31) )
= Dn4 + Ĉ.
3.2 Code frame
n Ωn = {1, . . . , n} . D length 4n self-
orthogonal binary code . {e1, . . . , en} ⊂ F 4n2
D frame .
• i, j ∈ Ωn ei + ej ∈ D.
• i ∈ Ωn wt(ei) = 4.
• i 6= j i, j ∈ Ωn supp(ei) ∩ supp(ej) = ∅.
X ⊂ Ω4n, eX ∈ F 4n2
(eX)i =
{
1 (i ∈ X),
0 (i /∈ X)
. X = {x} eX ex .
Lemma 23. F D frame . E ∈
F . F ∈ F \ {E} |F ∩ E| < |τ(F ) ∩ E|
τ ∈ Aut(D) . F ∈ F
σ(F ) = E σ ∈ Aut(D) .
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Proof. F ∈ F . n− |F ∩ E| . F = E
e ∈ Aut(D) e(F ) = E. |F ∩ E| ≥ k
F ∈ F ρ ∈ Aut(D) ρ(F ) = E . F ′ ∈ F
|F ′∩E| = k−1 . τ ∈ Aut(D) |F ′∩E| < |τ(F ′)∩E|.
|τ(F ′) ∩ E| ≥ k ρ ∈ Aut(D) ρτ(F ′) = E.
Lemma 24. D self-orthogonal binary code , wt(x) = 4
x ∈ D . supp(x) = {i, j, k, l} (i, j)(k, l) ∈
Aut(D).
Proof. y ∈ D . wt((yi, yj, yk, yl)) ≡ 0 (mod 4) (i, j)(k, l)y =
y. wt((yi, yj, yk, yl)) = 2
(yi, yj, yk, yl) ∈ {(1100), (0011), (1010), (0101), (1001), (0110)}.
yi = yj (i, j)(k, l)y = y. yi 6= yj (i, j)(k, l)y = y+ x.
y ∈ D (i, j)(k, l)y ∈ D.
Definition 25. i ∈ Ωn Ii = {4i − 3, 4i − 2, 4i − 1, 4i} .
F0 = {eI1 , . . . , eIn} . D frame F F ⊂ D F
Type A . F Type A F ⊂ D⊥ F
Type B .
Dn4 =
∑
f∈F0 F 2f .
3.2.1 Type A frame
Lemma 26. D F0 frame self-orthogonal binary code
, F0 Type A . , F 6= F0 D Type A
frame F |F ∩ F0| < |σ(F ) ∩ F0| σ ∈ Aut(D)
.
Proof. f ∈ F \ (F0∩F ) i 6= j i, j ∈ Ωn Xk ⊂ Ik,
|Xk| = 2 (k = i, j)
f = eXi + eXj .
{s, t} = Xi, {u, r} = Ij \Xj σ = (s, u)(t, r)
σ(f) = eIj .
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f + eIj ∈ D supp(f + eIj) = {s, t, u, r}. Lemma 24 σ ∈ Aut(D).
eIi , eIj /∈ F . e ∈ F0 \ {eIi , eIj} σ(e) = e.
|F ∩ F0| < |σ(F ) ∩ F0|.
Theorem 27. n . D Type A frame 1
length 4n self-orthogonal binary code . Aut(D)
Type A frame transitive.
Proof. D F0 Type A frame
. F D Type A frame . Lemma 26
F ∈ F \ {F0} |F ∩ F0| < |σ(F ) ∩ F0| . Lemma 23
Aut(D) F transitive .
3.3 Code Type B frame
Lemma 28. D length 4n self-orthogonal binary code , F0
Type B frame . F D Type B frame F 6= F0
F ∩ F0 6= ∅ |F ∩ F0| < |σ(F ) ∩ F0| σ ∈ Aut(D)
.
Proof. k ∈ Ωn eIk ∈ F ∩F0. f ∈ F \ (F ∩F0)
f + eIk ∈ D ⊂ (dn4 )⊥.
f ∈ (dn4 )⊥. wt(f) = 4 i 6= j i, j ∈ Ωn
f = eXi + eXj .
Xl ⊂ Il, |Xl| = 2 (l = i, j). {s, t} = Xi, {u, r} = Ij \ Xj ,
σ = (s, u)(t, r)
σ(f) = eIj .
e ∈ F0 \ {eIi , eIj} σ(e) = e. eIi , eIj /∈ F .
eXi + eIj\Xj = f + eIk + eIk + eIj
∈ D.
Lemma 24 σ ∈ Aut(D). |F ∩ F0| < |σ(F ) ∩ F0|.
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Lemma 29. n ≥ 5 . D length 4n self-orthogonal binary code
, F0 Type B frame . F D Type B frame
F ∩ F0 = ∅ f ∈ F i 6= j i, j ∈ Ωn
f = eXi + eXj .
Xk ⊂ Ik, |Xk| = 2 (k = i, j).
Proof. f ∈ F . | supp(f)∩ Ii| i ∈ Ωn
. |{f ∈ F | supp(f) ∩ Ii 6= ∅}| ≤ 4 supp(f ′) ∩ Ii = ∅
f ′ ∈ F . f + f ′ ∈ D ⊂ (Dn4 )⊥ (f + f ′, eIi) = 1
. i ∈ Ωn | supp(f) ∩ Ii| .
F ∩ F0 = ∅ | supp(f) ∩ Ii| ∈ {0, 2}.
3.3.1 Length
Lemma 30. n ≥ 5 . D length 4n self-orthogonal binary
code , F0 Type B frame . F D Type B
frame F ∩F0 = ∅ |F ∩F0| < |σ(F )∩F0| σ ∈ Aut(D)
.
Proof. f ∈ F . Lemma 29 i 6= j i, j ∈ Ωn
f = eXi + eXj . Xk ⊂ Ik, |Xk| = 2 (k = i, j). n∑
g∈F\{f} g ∈ D.
∑
k∈Ωn\{j} eIk ∈ D.
eXi + eIj\Xj =
∑
k∈Ωn
eIk + f +
∑
k∈Ωn
eIk + eIj
=
∑
g∈F\{f}
g +
∑
k∈Ωn\{j}
eIk
∈ D.
{s, t} = Xi, {u, r} = Ij \Xj , σ = (s, u)(t, r) .
σ(f) = eIj .
Lemma 24 σ ∈ Aut(D).
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3.3.2 Length
F1 =
k−1⋃
i=0
{e8i+1 + e8i+2 + e8i+5 + e8i+6, e8i+3 + e8i+4 + e8i+7 + e8i+8}
.
Definition 31. i ∈ Ωk−1∪{0} ϕi,(0,0), ϕi,(0,1), ϕi,(1,0), ϕi,(1,1) ∈ Sn
ϕi,(0,0) = (8i+ 1, 8i+ 7)(8i+ 2, 8i+ 8),
ϕi,(0,1) = (8i+ 1, 8i+ 8)(8i+ 2, 8i+ 7),
ϕi,(1,0) = (8i+ 3, 8i+ 5)(8i+ 4, 8i+ 6),
ϕi,(1,1) = (8i+ 3, 8i+ 6)(8i+ 4, 8i+ 5).
.
Φ0 = {ϕ0,x | x ∈ F 22},
Φ = {ϕ0,x0 . . . ϕk−1,xk−1 | xi ∈ F 22, i ∈ Ωk−1 ∪ {0}}
.
Lemma 32. g ∈ Φ g(F1) = F0.
Proof. i ∈ Ωk−1 ∪ {0} ,
ϕi,(0,0)(e8i+1 + e8i+2 + e8i+5 + e8i+6)
=ϕi,(0,1)(e8i+1 + e8i+2 + e8i+5 + e8i+6)
=ϕi,(1,0)(e8i+3 + e8i+4 + e8i+7 + e8i+8)
=ϕi,(1,1)(e8i+3 + e8i+4 + e8i+7 + e8i+8)
=e8i+5 + e8i+6 + e8i+7 + e8i+8
∈F0.
ϕi,(0,0)(e8i+3 + e8i+4 + e8i+7 + e8i+8)
=ϕi,(0,1)(e8i+3 + e8i+4 + e8i+7 + e8i+8)
=ϕi,(1,0)(e8i+1 + e8i+2 + e8i+5 + e8i+6)
=ϕi,(1,1)(e8i+1 + e8i+2 + e8i+5 + e8i+6)
=e8i+1 + e8i+2 + e8i+3 + e8i+4
∈F0.
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i, j ∈ Ωk−1 ∩ {0}, i 6= j . x ∈ F 22 ,
ϕj,x(e8i+1 + e8i+2 + e8i+5 + e8i+6) = e8i+1 + e8i+2 + e8i+5 + e8i+6.
ϕj,x(e8i+3 + e8i+4 + e8i+7 + e8i+8) = e8i+3 + e8i+4 + e8i+7 + e8i+8.
Definition 33. d1 = (11000000), d2 = (00110000), d3 = (00001100),
d4 = (00000011), d5 = (10101010) .
D = 〈d1, d2, d3, d4, d5〉.
v = (v1, . . . , vk) ∈ Dk . j ∈ Ωk wv(j) ∈ Dk
wv(j)i =
{
vj (i = j),
0 (i ∈ Ωk \ {j})
.
wv(j) ∈ {d1 + d2, d3 + d4} wv(j) ∈ F0,
wv(j) ∈ {d1 + d3, d2 + d4} wv(j) ∈ F1
(32)
Dk = 〈F0, F1〉⊥ .
Definition 34. v ∈ D Hv = {x ∈ F 22 | ϕ0,x(v) = v} .
χ1 : D → F 22
χ1(v) =

(0, 0) (Hv = F
2
2 or ∅),
(0, 1) (Hv = {(0, 0), (0, 1)} {(1, 0), (1, 1)}),
(1, 0) (Hv = {(0, 0), (1, 0)} {(0, 1), (1, 1)}),
(1, 1) (Hv = {(0, 0), (1, 1)} {(0, 1), (1, 0)})
. χ2 : D −→ F 2
χ2(v) =
{
0 (ϕ0,(0,0)(v) = v),
1 ( )
.
χ1((v1, . . . , vk)) = (χ1(v1), . . . , χ1(vk)),
χ2((v1, . . . , vk)) =
k∑
i=1
χ2(vi)
χ1 : D
k → F 2k2 , χ2 : Dk → F 2 .
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Lemma 35. χ1, χ2 .
Lemma 36.
Kerχ1 = 〈d1 + d2, d1 + d3, d3 + d4〉,
Kerχ2 = 〈d1 + d4, d2, d3, d5〉.
Definition 37.
E = 〈{f + f ′ | f, f ′ ∈ F0} ∪ {f + f ′ | f, f ′ ∈ F1}〉.
f0 ∈ F0 E0 = E + f0, f1 ∈ F1 E1 =
E + f1 . E0 E1 f0, f1
.
Lemma 36 Kerχ1 = 〈d1 + d2, d1 + d3, d3 + d4〉, Kerχ1 ∩ (Kerχ2 +
d1) = {d1+d2, d1+d3, d2+d4, d3+d4} . Ξ = Kerχ1∩ (Kerχ2+d1)
.
Lemma 38. v = (v1, . . . , vk) ∈ Dk . |{i ∈ Ωk | vi ∈ Ξ}|∑
i∈Ωk,vi∈Ξwv(i) ∈ E0 ∪ E1.
Proof. |{i ∈ Ωk | vi ∈ Ξ}|
∑
i∈Ωk,vi∈Ξwv(i) ∈ E0 ∪ E1
|{i ∈ Ωk | vi ∈ Ξ}| . |{i ∈
Ωk | vi ∈ Ξ}| = 1 , {i ∈ Ωk | vi ∈ Ξ} = {j} . (32)∑
i∈Ωk,vi∈Ξwv(i) = wv(j) ∈ F0 F1. i ∈ {0, 1} Fi ⊂ Ei
|{i ∈ Ωk | vi ∈ Ξ}| = 1 .
|{i ∈ Ωk | vi ∈ Ξ}| ≤ m
∑
i∈Ωk,vi∈Ξwv(i) ∈ E0 ∪ E1
. |{i ∈ Ωk | vi ∈ Ξ}| = m + 2 j 6= l j, l ∈ {i ∈ Ωk |
vi ∈ Ξ} , wv(j) + wv(l) ∈ E ∪ (E0 + E1) . ,∑
i∈Ωk\{j,l},vi∈Ξwv(i) ∈ E0 ∪ E1 .∑
i∈Ωk
vi∈Ξ
wv(i) =
∑
i∈Ωk\{j,l}
vi∈Ξ
wv(i) + wv(j) + wv(l)
∈ E0 ∪ E1 + E ∪ (E0 + E1)
= (E0 + E) ∪ (E1 + E) ∪ (E0 + (E0 + E1)) ∪ (E1 + (E0 + E1))
= E0 ∪ E1.
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∑
i∈Ωk,vi∈Ξwv(i) ∈ E0 . wv(j) ∈ F0
∑
i∈Ωk\{j},vi∈Ξwv(i) ∈
E j ∈ {i ∈ Ωk | vi ∈ Ξ} .∑
i∈Ωk\{j},wv(i)∈F0
wv(i) +
∑
i∈Ωk\{j},wv(i)∈F1
wv(i)
=
∑
i∈Ωk\{j},
vi∈{d1+d2,d3+d4}
wv(i) +
∑
i∈Ωk\{j},
vi∈{d1+d3,d2+d4}
wv(i)
=
∑
i∈Ωk\{j},vi∈Ξ
wv(i)
∈E. (33)
|{i ∈ Ωk \ {j} | vi ∈ Ξ}|
=|{i ∈ Ωk \ {j} | wv(i) ∈ F0}|
+|{i ∈ Ωk \ {j} | wv(i) ∈ F1}|
≡0 (mod 2). ((33) )
|{i ∈ Ωk | vi ∈ Ξ}| .
Lemma 39. v ∈ Dk ∑
i∈Ωk
vi∈Kerχ1\Ξ
wv(i) ∈ E ∪ (E0 + E1).
Proof. Lemma 36 Kerχ1 \ Ξ = 〈d1 + d4, d2 + d3〉 . vi ∈ {d1 +
d4, d2 + d3} i ∈ Ωk wv(i) ∈ E0 + E1∑
i∈Ωk
vi∈{d1+d4,d2+d3}
wv(i) ∈ E ∪ (E0 + E1). (34)
, vi ∈ 〈d1 + d2 + d3 + d4〉 i ∈ Ωk wv(i) ∈ E.∑
i∈Ωk
vi∈〈d1+d2+d3+d4〉
wv(i) ∈ E. (35)
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∑
i∈Ωk
vi∈Kerχ1\Ξ
wv(i)
=
∑
i∈Ωk
vi∈{d1+d4,d2+d3}
wv(i) +
∑
i∈Ωk
vi∈〈d1+d2+d3+d4〉
wv(i)
∈E ∪ (E0 + E1) + E ((34), (35) )
=E ∪ (E0 + E1).
Lemma 40. v ∈ Dk . χ1(v) = 0 χ2(v) = 1
v ∈ E0 ∪ E1.
Proof. v = (v1, . . . , vk) .
χ1(v) = 0 χ2(v) = 1
⇐⇒∀i ∈ Ωk, vi ∈ Kerχ1
|{i ∈ Ωk | vi ∈ Ξ}|
⇐⇒∀i ∈ Ωk, vi ∈ Kerχ1∑
i∈Ωk,vi∈Ξ
wv(i) ∈ E0 ∪ E1 (Lemma 38 )
⇐⇒v ∈ E ∪ (E0 + E1) + E0 ∪ E1 (Lemma 39 )
⇐⇒v ∈ E0 ∪ E1.
v ∈ D .
{v + g(v) | g ∈ Φ0} ⊂ {(00000000), d1 + d4, d2 + d3}.
x ∈ 〈d1 + d4, d2 + d3〉 〈d1 + d2 + d3 + d4〉 [x] .
Lemma 41. v ∈ D .
[v + ϕ0,x(v)] =
{
[(00000000)] ((χ1(v), x) = χ2(v)),
[d1 + d4] (otherwise).
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Proof. x ∈ F 22 .
ϕ0,x(v) = v ⇐⇒ (χ1(v), x) = χ2(v).
Lemma 42. v ∈ Dk .
{g ∈ Φ | v + g(v) ∈ E}
={ϕ0,x0 . . . ϕk−1,xk−1 | (x0, . . . , xk−1) ∈ F 2k2 , (χ1(v), (x0, . . . , xk−1)) = χ2(v)}.
Proof. v = (v1, . . . , vk) . (x0, . . . , xk−1) ∈ F 2k2 ,
(χ1(v), (x0, . . . , xk−1))
=
k∑
i=1
(χ1(vi), xi−1)
=
k∑
i=1
χ2(vi) +
∑
i∈Ωk,(χ1(vi),xi−1)6=χ2(vi)
(χ1(vi), xi−1)
=
k∑
i=1
χ2(vi)
+|{i ∈ Ωk | [vi + ϕi−1,xi−1(vi)] = [d1 + d4]}| mod 2 (Lemma 41 )
=χ2(v)
+|{i ∈ Ωk | [vi + ϕi−1,xi−1(vi)] = [d1 + d4]}| mod 2. (36)
v + ϕ1,x0 . . . ϕk,xk−1(v) ∈ E
⇐⇒ |{i ∈ Ωk | [vi + ϕi−1,xi−1(vi)] = [d1 + d4]}|
⇐⇒ (χ1(v), (x0, . . . , xk−1)) = χ2(v). ((36) ))
Lemma 43. D F0 Type B frame length 4n self-
orthogonal binary code . F1 D Type B frame
i ∈ {0, 1} Ei ∩ D = ∅.
Proof. Fi Type B Fi ∩ D = ∅ . E ⊂ D
Ei ∩ D = ∅.
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Lemma 44. D F0 Type B frame length 4n self-
orthogonal binary code . F1 D Type B frame⋂
c∈D{g ∈ Φ | c+ g(c) ∈ E} 6= ∅.
Proof. D = 〈c1, . . . , cl〉 . i ∈ Ωl ci = (ci,1, . . . , ci,k) .
ci,j ∈ D (j ∈ Ωk). l × 2k X Xij = χ1(ci,j)
. , l × (2k + 1) Y
Yij =
{
Xij (j ∈ Ωk)
χ2(ci) (j = k + 1)
. Lemma 43 c ∈ D c /∈ E0
c /∈ E1 .
∀c ∈ D, c /∈ E0 c /∈ E1
⇐⇒∀c ∈ D,
χ1(c) 6= 0 χ2(c) = 0 (Lemma 40 )
⇐⇒∀(y1, . . . , yl) ∈ F l2,
χ1(
l∑
i=1
yici) 6= 0 χ2(
l∑
i=1
yici) = 0
⇐⇒∀(y1, . . . , yl) ∈ F l2,
l∑
i=1
yiχ1(ci) 6= 0
l∑
i=1
yiχ2(ci) = 0
⇐⇒∀y ∈ F l2,
yX 6= 0 y(χ2(c1), . . . , χ2(cl))T = 0
⇐⇒∀y ∈ F l2,
yX = 0 y(χ2(c1), . . . , χ2(cl))
T = 0
⇐⇒∀y ∈ F l2, yX = 0 yY = 0
⇐⇒ rank(X) = rank(Y )
⇐⇒∃(x1, . . . , xk) ∈ F 2k2 ,
∀i ∈ Ωl, (χ1(ci), (x1, . . . , xk)) = χ2(ci)
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⇐⇒∃(x1, . . . , xk) ∈ F 2k2 ,
∀c ∈ D, (χ1(c), (x1, . . . , xk)) = χ2(c)
⇐⇒
⋂
c∈D
{g ∈ Φ | c+ g(c) ∈ E} 6= ∅. (Lemma 42 )
Lemma 45. D F0 Type B frame length 4n self-
orthogonal binary code . F1 D Type B frame
g ∈ Aut(D) g(F1) = F0.
Proof. Lemma 44 g ∈ Φ c ∈ D g(c) ∈
E + c ⊂ D. g ∈ Aut(D). Lemma 32 g(F1) = F0.
3.3.3 Length
n ≥ 5 n = 2k . D length 4n self-orthogonal
binary code , F0 Type B frame . F D Type
B frame F ∩ F0 = ∅ . f, f ′ ∈ F f 6= f ′ . Lemma 29
f, f ′ .
(i) |{i ∈ Ωn | supp(f + f ′) ∩ Ii 6= ∅}| = 2
(ii) |{i ∈ Ωn | supp(f + f ′) ∩ Ii 6= ∅}| = 3
(iii) |{i ∈ Ωn | supp(f + f ′) ∩ Ii 6= ∅}| = 4
N(F ) = |{{f, f ′} ⊂ F | f, f ′ (i) }| N(F ) ≤ k
.
Lemma 46. F N(F ) < k D Type B frame F ∩F0 = ∅
. (ii) f, f ′ .
Proof. . F (ii) f, f ′ . Lemma
29 g ∈ F g = eXi + eXj . supp(g′) ⊃ Ii \Xi
g′ ∈ F . g, g′ (iii) (i) .
N(F ) = k .
Lemma 47. F N(F ) < k D Type B frame F ∩F0 = ∅
. N(F ) < N(σ(F )) σ ∈ Aut(D) .
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Proof. N(F ) < k Lemma 46 (ii) f, f ′ ∈ F
. f + f ′ = eIi + eXj + eXk . i, j, k ∈ Ωn
, Xl ⊂ Il, |Xl| = 2 (l = j, k). Lemma 29 f = eXi + eXj .
Xi ⊂ Ii.
eIj\Xj + eXk = f + f
′ + eIi + eIj ∈ D.
{s, t} = Ij \ Xj, {u, r} = Xk σ = (s, u)(t, r) Lemma 24
σ ∈ Aut(D). σ(f + f ′) = eIi + eIj {σ(f), σ(f ′)} ∈ {{g, g′} ⊂
σ(F ) | g, g′ (i) }. {g, g′} ∈ {{g, g′} ⊂ F \ {f, f ′} |
g, g′ (i) } σ(g) = g σ(g′) = g′ supp(g+
g′)∩(Ij∪Ik) = ∅. {g, g′} ∈ {{g, g′} ⊂ σ(F ) | g, g′ (i) }.
N(F ) < N(σ(F )).
Lemma 48. F D Type B frame F ∩ F0 = ∅ .
N(τ(F )) = k τ ∈ Aut(D) .
Proof. k−N(F ) . k−N(F ) = 0 τ
e ∈ Aut(D) . k−N(F ) ≤ l
. k −N(F ) = l + 1 Lemma 47 σ ∈ Aut(D)
N(σ(F )) ≤ l. τ ∈ Aut(D)
N(τσ(F )) = k.
Lemma 49. F D Type B frame F ∩ F0 = ∅ N(F ) = k
, τ(F ) = F1 τ(F0) = F0 τ ∈ S4n .
Proof. eXi + eXj ∈ F eIi\Xi + eIj\Xj ∈ F .
Xl ⊂ Il, |Xl| = 2 (l = i, j). i ∈ Ωk−1 ∪ {0} fi,1, fi,2 ∈ F
fi,1 = eXSi + eXTi ,
fi,2 = eISi\XSi + eITi\XTi
F = {fi,1 | i ∈ Ωk−1 ∪ {0}} ∪ {fi,2 | i ∈ Ωk−1 ∪ {0}}. XSi =
{xi,1, xi,2}, ISi \XSi = {xi,3, xi,4}, XTi = {xi,5, xi,6}, ITi \XTi = {xi,7, xi,8}
.
τ =
∏
i∈Ωk−1∪{0}
8∏
j=1
(xi,j, 8i+ j)
τ(F ) = F1 τ(F0) = F0 .
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Lemma 50. n ≥ 5 . F D Type B frame F∩F0 = ∅
σ ∈ Aut(D) σ(F ) = F0.
Proof. F N(F ) = k Lemma 49 τ(F ) = F1 τ(F0) = F0
τ ∈ S4n . τ(D) F0, F1 Type B frame
Lemma 45 g(F1) = F0 g ∈ Aut(τ(D)) .
σ = τ−1gτ Aut(D) = τ−1Aut(τ(D))τ σ ∈ Aut(D) ,
σ(F ) = F0.
F N(F ) < k . Lemma 48 N(τ(F )) = k
τ ∈ Aut(D) . τ(D) = D τ(F ) D Type B
frame . ρτ(F ) = F0 ρ ∈ Aut(D)
.
3.3.4 Code Type B frame
Theorem 51. n ≥ 5 . D length 4n self-orthogonal binary
code Type B frame 1 .
Aut(D) Type B frame transitive.
Proof. D F0 Type B frame
. F Type B frame . F1 = {F ∈ F | F ∩F0 6= ∅},
F2 = {F ∈ F | F ∩ F0 = ∅} . F = F1 ∪ F2 . F ∈ F \ {F0}
τ ∈ Aut(D) |F ∩ F0| < |τ(F ) ∩ F0|
. F ∈ F1 Lemma 28 . F ∈ F2 n
Lemma 30 , n Lemma 50
. Lemma 23 F ∈ F σ ∈ Aut(D)
σ(F ) = F0.
4
2 , , 2
,
.
, ,
. .
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